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RECENT RESULTS ON CLOSED G2-STRUCTURES
ANNA FINO AND ALBERTO RAFFERO
Abstract. We review recent results concerning closed G2-structures on seven-dimensional
manifolds. In particular, we discuss the construction of examples and some related prob-
lems.
1. Introduction
Let M be a seven-dimensional manifold. A G2-reduction of its frame bundle, i.e., a
G2-structure, is characterised by the existence of a nowhere vanishing differential form
ϕ ∈ Ω3(M) with pointwise stabiliser isomorphic to the exceptional Lie group G2. Any such
3-form ϕ gives rise to a Riemannian metric gϕ and to an orientation onM, and its covariant
derivative ∇gϕϕ with respect to the Levi Civita connection of gϕ represents the obstruction
to having Hol(gϕ) ⊆ G2. By [17], a G2-structure ϕ is parallel, i.e., ∇
gϕϕ = 0, if and only
if both dϕ = 0 and d ∗ϕ ϕ = 0, where ∗ϕ is the Hodge operator associated with gϕ and
the given orientation. A G2-structure satisfying the former condition is called closed, and
a G2-structure satisfying the latter is called co-closed.
All known and potentially effective methods to obtain parallel G2-structures on compact
7-manifolds require the existence of a closed G2-structure, possibly satisfying some addi-
tional properties [3, 30, 34, 6, 35, 32, 41]. However, currently there are no known results
guaranteeing the existence of closed G2-structures on compact manifolds, neither it is known
whether the existence of this type of G2-structures imposes any constraint on the properties
of the manifold, e.g. on its topology.
In this survey, we review various known examples of compact and non-compact 7-manifolds
admitting closed G2-structures, and we discuss the techniques used to obtain them. More-
over, we give a new example satisfying some remarkable properties, and we present some
related open problems.
2. Preliminaries
A G2-structure on a seven-dimensional manifold M is a reduction of the structure group
of its frame bundle to the exceptional Lie group G2. Any such reduction occurs if and
only if M is orientable and spin [27], and it is characterised by the existence of a 3-form
ϕ ∈ Ω3(M) which can be written at each point x of M as
(2.1) ϕ|x = e
127 + e347 + e567 + e135 − e146 − e236 − e245,
with respect to some basis
{
e1, . . . , e7
}
of the cotangent space T ∗xM . Here and henceforth,
the notation eijk··· is used as a shorthand for the wedge product of covectors ei ∧ ej ∧ ek ∧
· · · . Any differential 3-form ϕ defining a G2-structure is a section of an open subbundle
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Λ3+(T
∗M) ⊂ Λ3(T ∗M) with typical fibre isomorphic to GL(7,R)/G2. Therefore, small
perturbations of ϕ still define a G2-structure. We let Ω
3
+(M) := Γ(Λ
3
+(T
∗M)).
Since G2 ⊂ SO(7), every G2-structure ϕ gives rise to a Riemannian metric gϕ and to an
orientation on M. In particular, gϕ and the corresponding Riemannian volume form dVϕ
are related to ϕ as follows
gϕ(X,Y ) dVϕ =
1
6
ιXϕ ∧ ιY ϕ ∧ ϕ,
for all X,Y ∈ Γ(TM). We denote by ∇gϕ the Levi Civita connection of gϕ, and by ∗ϕ the
Hodge operator associated with gϕ and the given orientation.
Given a G2-structure ϕ ∈ Ω
3
+(M), the obstruction to having Hol(gϕ) ⊆ G2 is represented
by the intrinsic torsion Tϕ. The latter is a section of a vector bundle over M with typical
fibre (R7)∗ ⊗ g⊥2 , where g
⊥
2 is the orthogonal complement in so(7) of the Lie algebra g2 of
G2. It is well-known that Tϕ can be identified with the covariant derivative ∇
gϕϕ, so that
one has Hol(gϕ) ⊆ G2 if and only if ∇
gϕϕ = 0. When this happens, the G2-structure is
said to be parallel or torsion-free. A further characterisation for parallel G2-structures was
obtained by Ferna´ndez and Gray in [17]. We recall it in the following.
Theorem 2.1 ([17]). A G2-structure ϕ is parallel if and only if both dϕ = 0 and d∗ϕϕ = 0.
As proved by Bonan in [2], the metric induced by a parallel G2-structure is Ricci-flat.
Thus, the construction of compact examples is not an easy task. For instance, compact
homogeneous examples are exhausted by flat tori and, more generally, compact 7-manifolds
with a parallel G2-structure ϕ such that Hol(gϕ) = G2 cannot have continuous symmetries.
Indeed, using the Bochner-Weitzenbo¨ck technique, it is possible to show that the Lie algebra
of the automorphism group Aut(M,ϕ) of a G2-structure ϕ
aut(M,ϕ) := {X ∈ Γ(TM) | LXϕ = 0} ⊆ isom(M,gϕ)
is abelian with dim(aut(M,ϕ)) = 0, 1, 3, 7, whenever ϕ is parallel and M is compact. The
possible dimensions depend on having Hol(gϕ) = G2, SU(3), SU(2), {1}, respectively.
Compact examples of Riemannian manifolds with holonomy equal to G2 were constructed
in [30, 34, 6, 35, 32] using techniques such as orbifolds resolutions, generalised connected
sums, and geometric glueing. All these manifolds admit a parallel G2-structure obtained
by perturbing a G2-structure ϕ satisfying the condition dϕ = 0 and whose intrinsic torsion
is small in a suitable sense. The manifold topology plays a role in this construction, too,
as the metric induced by a parallel G2-structure on a compact manifold M has holonomy
equal to G2 if and only if π1(M) is finite [30].
3. Closed G2-structures
From Theorem 2.1, we know that a G2-structure ϕ is parallel if and only if dϕ = 0
and d ∗ϕ ϕ = 0. A G2-structure satisfying the former condition is called closed, and one
satisfying the latter is called co-closed. As we have previously recalled, closed G2-structures
play a central role in the known constructions of compact 7-manifolds with holonomy G2.
However, currently there are no general results ensuring the existence of closed G2-structures
on compact manifolds, neither it is known whether the existence of such type of structure
imposes any constraint on the manifold structure, e.g. on its topology. On the other hand,
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Crowley and Nordstro¨m proved that the existence of co-closed G2-structures on compact
7-manifolds is only a topological matter. Indeed, they always exist on any compact manifold
admitting G2-structures [9].
By [28], a closed G2-structure ϕ ∈ Ω
3
+(M) defines a calibration on M, that is, for every
oriented tangent 3-plane V ⊂ TxM one has ϕ|V ≤ volV , where volV denotes the volume
form of the inner product gϕ|V on V . A three-dimensional oriented submanifold N →֒ M
is said to be associative if it is calibrated by ϕ, i.e., if ϕ|TxN = volTxN for all x ∈ N .
Recall that every compact associative 3-fold is volume minimising in its homology class (see
[28, Thm. II.4.2]). Similarly, if a G2-structure ϕ is co-closed, then the 4-form ∗ϕϕ defines
a calibration on M, and one can consider four-dimensional oriented submanifolds of M
calibrated by it. These submanifolds are called co-associative. It is possible to show that
a four-dimensional oriented submanifold U in M is co-associative if and only if ϕ|U ≡ 0
(cf. [28, Cor. IV.1.20]). Thus, when a G2-structure ϕ is closed but not co-closed, one
can define an oriented 4-fold U of M to be co-associative if ϕ|U ≡ 0. However, U is not
necessarily volume minimising in its homology class, as d ∗ϕ ϕ 6= 0. For more details on
associative and co-associative submanifolds, we refer the reader to [28, 31].
Let us now focus on a 7-manifold M endowed with a closed G2-structure ϕ. In this
case, the intrinsic torsion Tϕ can be identified with a unique 2-form τ ∈ Ω
2
14(M) :={
α ∈ Ω2(M) | α ∧ ϕ = − ∗ϕ α
}
such that
d ∗ϕ ϕ = τ ∧ ϕ.
We shall refer to τ as the intrinsic torsion form of ϕ. Notice that τ vanishes identically if
and only if d ∗ϕ ϕ = 0, that is, if and only if the closed G2-structure is parallel.
The Ricci tensor and the scalar curvature of the Riemannian metric gϕ induced by ϕ can
be expressed in terms of the intrinsic torsion form τ as follows (cf. [3]):
Ric(gϕ) =
1
4
|τ |2gϕ −
1
4
jϕ
(
dτ −
1
2
∗ϕ (τ ∧ τ)
)
,
Scal(gϕ) = −
1
2
|τ |2,
where the map jϕ : Ω
3(M) → S2(M) assigns to each 3-form γ the symmetric 2-covariant
tensor jϕ(γ)(X,Y ) = ∗ϕ(ιXϕ ∧ ιY ϕ ∧ γ). In particular, the scalar curvature is always non-
positive, and it vanishes identically if and only if ϕ is parallel. Further properties of Ric(gϕ)
and Scal(gϕ) when M is compact are summarised in the next theorem.
Theorem 3.1 ([3, 7]). Let M be a compact 7-manifold endowed with a closed G2-structure
ϕ. Then,
(1) gϕ is Einstein if and only if ϕ is parallel;
(2)
∫
M
[Scal(gϕ)]
2dVϕ ≤ 3
∫
M
|Ric(gϕ)|
2dVϕ.
Remark 3.2. Currently, it is still not known whether there exist (even incomplete) closed
non-parallel G2-structures inducing an Einstein metric. A negative answer when the 7-
manifold is a simply connected solvable Lie group endowed with a left-invariant closed
G2-structure was given in [14].
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In [3], Bryant proved that the inequality in point 2. of Theorem 3.1 reduces to an equality
if and only if
dτ =
|τ |2
6
ϕ+
1
6
∗ϕ (τ ∧ τ).
A closed G2-structure ϕ satisfying the above equation is called extremally Ricci pinched
(ERP for short). Notice that this definition makes sense also in the non-compact setting.
The existence of an ERP G2-structure on a compact 7-manifold imposes strong con-
straints on its geometry. In detail:
Proposition 3.3 ([3]). Let M be a compact 7-manifold endowed with an ERP G2-structure
ϕ with intrinsic torsion form τ ∈ Ω214(M) not identically vanishing. Then
(1) τ has constant (non-zero) norm and τ ∧ τ ∧ τ = 0;
(2) τ∧τ and ∗ϕ(τ∧τ) are non-zero closed simple forms of constant norm. Consequently, the
tangent bundle of M splits into the orthogonal direct sum of two integrable subbundles
TM = P ⊕ Q, with P := ker(τ ∧ τ), Q := ker(∗ϕ(τ ∧ τ)). Moreover, the P -leaves are
associative submanifolds calibrated by −|τ |−2∗ϕ(τ∧τ), and the Q-leaves are coassociative
submanifolds calibrated by −|τ |−2(τ ∧ τ);
(3) the Ricci tensor of gϕ is given by Ric(gϕ) =
1
12 jϕ(∗ϕ(τ ∧ τ)) = −
1
6 |τ |
2 gϕ|P . Hence, it
is non-positive with eigenvalues −16 |τ |
2 of multiplicity three and 0 of multiplicity four.
So far, the only known compact examples were obtained in [3, 33]. The example in
[3] consists of the quotient Γ\M , where M = SL(2,C) ⋉ C2/SU(2) is a non-compact ho-
mogeneous space endowed with an invariant ERP G2-structure, and Γ ⊂ Aut(M,ϕ) is a
co-compact discrete subgroup. The example in [33] is the compact quotient of a simply
connected solvable Lie group endowed with the left-invariant ERP G2-structure obtained
in [37, Ex. 4.7]. Further examples are given in [1, 24, 38, 39].
4. Examples of manifolds admitting closed G2-structures
Since there are no general results ensuring the existence of closed G2-structures on com-
pact 7-manifolds, one should in principle try to solve the PDEs arising from the equation
dϕ = 0 for a generic 3-form ϕ ∈ Ω3+(M) on a given compact manifoldM. In some cases, this
problem may be reduced to a simpler one. In this section, we give an overview of various
known examples and we discuss some new ones.
4.1. Closed G2-structures with symmetry. The first examples of compact 7-manifolds
admitting closed non-parallel G2-structures were obtained by Ferna´ndez in [11, 12]. These
examples are of the form M = Γ\G, where G is a seven-dimensional simply connected
nilpotent or solvable Lie group, Γ ⊂ G is a co-compact discrete subgroup (lattice), and the
closed G2-structure on M is induced by a left-invariant one on G. In particular, (M,ϕ) is
locally homogeneous. Further examples of this type have been obtained in [5, 26, 36]. We
emphasise that in all these examples the Lie group G, being diffeomorphic to R7, is not
compact. Moreover, any left-invariant G2-structure ϕ on G is completely determined by
the 3-form ϕ|1G on the Lie algebra g
∼= T1GG, and the condition dϕ = 0 is equivalent to a
system of algebraic equations for the coefficients of ϕ|1G .
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As this last observation suggests, symmetry considerations might help to reduce the
PDEs arising from the condition dϕ = 0 to equations of a simpler type. Therefore, one
may ask whether there exist examples of compact 7-manifolds M endowed with a closed
non-parallel G2-structure ϕ that are acted on with low cohomogeneity by the automorphism
group Aut(M,ϕ) or a subgroup thereof. In [8], Cleyton and Swann considered 7-manifolds
endowed with a G2-structure and acted on with cohomogeneity one by a simple group of
automorphisms, showing in particular that if ϕ is closed then only complete non-compact
examples occur. Moreover, the existence of compact homogeneous 7-manifolds endowed
with an invariant closed non-parallel G2-structure, i.e., having a transitive group of auto-
morphisms G ⊂ Aut(M,ϕ), has been open for some time (see [37, Question 3.1]).
In [43], Podesta` and the second named author of the present survey studied the proper-
ties of Aut(M,ϕ) when M is compact and the G2-structure ϕ is closed and non-parallel,
obtaining the following result.
Theorem 4.1 ([43]). Let M be a compact 7-manifold endowed with a closed non-parallel
G2-structure ϕ. Then, aut(M,ϕ) is abelian with dimension bounded by min{6, b2(M)}.
The above result immediately implies that there are no compact homogeneous 7-manifolds
endowed with an invariant closed non-parallel G2-structure, and that the only cohomogene-
ity one examples occur on manifolds diffeomorphic to the 7-torus.
Notice that the examples of seven-dimensional simply connected Lie groups G endowed
with a left-invariant closed G2-structure ϕ mentioned earlier ([11, 12, 5, 26, 36]) correspond
to the case when M is not compact and G ⊂ Aut(M,ϕ) acts simply transitively on it.
Recently, the complete classification of non-compact 7-manifolds admitting closed non-
parallel G2-structures and acted on transitively by a reductive group of automorphisms has
been obtained in [46].
We remark that Theorem 4.1 gives some insights on a currently open problem concerning
the existence of a closed G2-structure on the 7-sphere S
7, as it implies that Aut(S7, ϕ) must
be finite for any hypothetical closed G2-structure ϕ ∈ Ω
3
+(S
7).
4.2. A compact example obtained via the resolution of an orbifold. Besides sym-
metry considerations, other techniques may be used to construct examples of compact
7-manifolds admitting closed G2-structures. For instance, all known examples of compact
manifolds admitting parallel G2-structures are endowed with a closed one. The techniques
used to obtain these examples include orbifolds resolutions [30], the twisted connected sum
construction [34, 6, 35], and analysis on families of Eguchi-Hanson spaces [32].
Recently, Ferna´ndez, Kovalev, Mun˜oz and the first named author of the present survey
obtained a new example of a compact 7-manifold M with b1(M) = 1 and admitting closed
G2-structures but no parallel G2-structures [13]. This example is constructed resolving
the singularities of a certain orbifold, and the techniques involved in this construction are
motivated by those used by Joyce to obtain compact 7-manifolds with holonomy G2 via the
resolution of orbifolds of the form T7/F, where F ⊂ G2 is a suitable finite subgroup [30].
The idea of [13] consists in starting with a compact nilmanifold M = Γ\N endowed
with an invariant closed G2-structure in place of the 7-torus T
7 ∼= R7/Z7 endowed with
the flat G2-structure induced by the canonical one on R
7. Here, N is the simply-connected
nilpotent Lie group corresponding to the 3-step nilpotent Lie algebra n = 〈e1, . . . , e7〉 with
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the following structure equations
[e1, e2] = −e4, [e1, e3] = −e5, [e1, e4] = −e6, [e1, e5] = −e7,
Γ ∼= 2Z × Z6 is a lattice in N, and the invariant closed G2-structure on M is induced by
a left-invariant one on N. One then considers the action of the finite group F = Z2 on N
generated by
ρ : N→ N, (x1, . . . , x7) 7→ (−x1,−x2, x3, x4,−x5,−x6, x7).
This action satisfies ρ(ab) = ρ(a)ρ(b), for all a, b ∈ N, and ρ(Γ) = Γ. Thus, ρ induces an
action of Z2 on M = Γ\N, and it is possible to consider the quotient space M̂ = M/Z2.
The following result can then be proved.
Theorem 4.2 ([13]).
• M̂ = M/Z2 is a compact 7-orbifold with first Betti number b1(M̂) = 1 and admitting an
orbifold closed G2-form ϕ̂. The singular locus S of M̂ is the disjoint union of 16 copies
of T3.
• There exists a resolution π : (M˜ , ϕ˜) → (M̂ , ϕ̂), where M˜ is a compact smooth manifold,
b1(M˜ ) = 1, and ϕ˜ = π
∗ϕ̂ in the complement of a neighborhood of the exceptional locus
π−1(S). Moreover, π1(M˜) = Z, M˜ is formal and it does not admit any parallel G2-
structure.
4.3. A comparison with Lie algebras admitting symplectic structures. As we re-
called in Section 4.1, there are many (non-compact) examples of simply connected seven-
dimensional Lie groups admitting left-invariant closed G2-structures, and for any such ex-
ample the properties of the G2-structure may be studied at the Lie algebra level. This
leads one to focusing on seven-dimensional Lie algebras g endowed with a G2-structure
ϕ ∈ Λ3+(g
∗) which is closed with respect to the Chevalley-Eilenberg differential d of g. In
this setting, there are some problems motivated by symplectic geometry that it is worth
investigating.
It is known that symplectic structures and closed G2-structures share similar properties.
Indeed, they are both defined by closed differential forms satisfying the same non-degeneracy
condition, namely at each point of the manifold their orbit under the action of the general
linear group is open (see [29]). Moreover, the existence of a symplectic structure on an
even-dimensional Lie algebra imposes some constraints on it. For instance, a unimodular
Lie algebra admitting a symplectic structure must be solvable [4, 40], and any unimodular
Lie algebra cannot admit symplectic structures defined by an exact 2-form [10]. Thus, it
is natural to investigate whether similar results hold for seven-dimensional unimodular Lie
algebras admitting closed G2-structures, too. In our works [16, 22], we obtained a negative
answer to these problems.
In [22], we studied the existence of closed G2-structures on non-solvable unimodular Lie
algebras, showing that examples actually occur and obtaining a complete classification of
the possible Lie algebras up to isomorphism.
Theorem 4.3 ([22]). Let g be a seven-dimensional non-solvable unimodular Lie algebra
admitting closed G2-structures, and denote by g = s ⋉ r its Levi decomposition, where r is
the radical of g and s is a semisimple subalgebra. Then, s ∼= sl(2,R) and
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• if the Levi decomposition is trivial, namely g = s ⊕ r, then r is centerless, and there
exists a basis {e1, . . . , e7} of g∗ for which its structure equations (de1, . . . , de7) are in the
following list
(−e23,−2e12, 2e13, 0,−e45, 12e
46,−e47, 12e
47);
(−e23,−2e12, 2e13, 0,−e45,−µe46, (1 + µ)e47), −1 < µ ≤ 12 ;
(−e23,−2e12, 2e13, 0,−µe45, µ2 e
46 − e47, e46 + µ2 e
47), µ > 0.
• if the Levi decomposition is not trivial, then r ∼= R⋉R3, and there is a basis {e1, . . . , e7}
of g∗ for which its structure equations are the following
(−e23,−2e12, 2e13,−e14 − e25 − e47, e15 − e34 − e57, 2e67, 0).
In our recent joint work with M. Ferna´ndez [16], we focused on closed G2-structures
defined by an exact 3-form ϕ on a unimodular Lie algebra g, showing that there exist
examples when the third Betti number b3(g) of g vanishes and when g is (2,3)-trivial, i.e.,
when b2(g) = 0 = b3(g).
4.4. Products, warped products, and Lie algebras extensions. Further examples
not mentioned so far can be obtained on products of suitable manifolds. For instance,
it is possible to define closed G2-structures on the product of a 4-manifold endowed with
a hypersymplectic structure and the 3-torus T3 (see e.g. [19]), and on the product of a
6-manifold endowed with a suitable SU(3)-structure and the circle S1.
Recall that an SU(3)-structure on a 6-manifold N is the data of an almost Hermitian
structure (g, J), with corresponding fundamental 2-form ω := g(J ·, ·), and a complex (3,0)-
form Ψ = ψ+ iψ̂ satisfying the normalisation condition 3ψ∧ ψ̂ = 2ω3. Moreover, the whole
structure is completely determined by the real 2-form ω and the real 3-form ψ, provided that
they satisfy suitable conditions (see [29] for details). Given a positive function f ∈ C∞(N),
it is possible to endow the product N × S1 with the 3-form
(4.1) ϕ = fω ∧ ds+ ψ,
which is easily seen to define a G2-structure with associated Riemannian metric gϕ =
g + f2ds2, where s denotes the coordinate on the circle. Notice that the manifold N × S1
endowed with this metric is none other than the warped product of N and S1 with warping
function f and fibre S1. The G2-structure ϕ on N × S
1 is closed if and only if the SU(3)-
structure on N satisfies
(4.2) dω = −d log(f) ∧ ω, dψ = 0.
Thus, the problem of finding a closed G2-structure of the form (4.1) on N × S
1 boils down
to the construction of a 6-manifold endowed with an SU(3)-structure satisfying (4.2). An
example on N = T6 can be found in [23].
When the warping function f is constant, the manifold reduces to a Riemannian product,
and it is always possible to assume that f ≡ 1 up to scaling the coordinate s. In this case,
the G2-structure ϕ = ω ∧ ds + ψ is closed if and only if both dω = 0 and dψ = 0. An
SU(3)-structure satisfying these conditions is called symplectic half-flat, and its intrinsic
torsion can be identified with the unique real 2-form w2 of type (1,1) such that w2 ∧ω
2 = 0
and dψ̂ = w2 ∧ ω. A simple computation shows that the intrinsic torsion form of the closed
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G2-structure ϕ = ω ∧ ds+ ψ coincides with w2. We refer the reader to [18, 23, 44, 45] and
the references therein for more details and examples.
The last example of closed G2-structures on N × S
1 that we would like to mention is
obtained as follows. Let us consider a coupled SU(3)-structure on N , i.e., an SU(3)-structure
satisfying the condition dω = cψ for some non-zero real number c. The 3-form ψ is clearly
closed, while the 3-form ψ̂ satisfies
(4.3) dψ̂ = −
2
3
c ω2 + w2 ∧ ω,
for a unique real 2-form w2 of type (1,1) and satisfying w2 ∧ ω
2 = 0. The pair (c, w2)
completely determines the intrinsic torsion of the coupled SU(3)-structure (ω,ψ). Now, the
G2-structure ϕ = ω ∧ ds + ψ on N × S
1 considered before is no longer closed, but there
exists a global conformal change making it into a closed one, namely
ϕ˜ = ecs (ω ∧ ds+ ψ) .
The Riemannian metric induced by ϕ˜ is given by gϕ˜ = e
2
3
csgϕ, and its intrinsic torsion
form is τ˜ = e
cs
3 w2. For more details and examples regarding coupled SU(3)-structures and
G2-structures that are (locally) conformal to closed ones, the reader may refer to [15, 21].
As for Lie algebras, similar constructions can be made considering rank-one extensions
of six-dimensional Lie algebras endowed with an SU(3)-structure.
We recall that the rank-one extension of an n-dimensional Lie algebra h induced by a
derivation D ∈ Der(h) is the (n+1)-dimensional Lie algebra given by the vector space h⊕R
endowed with the Lie bracket
[(X, a), (Y, b)] := ([X,Y ]h + aD(Y )− bD(X), 0) ,
where (X, a), (Y, b) ∈ h ⊕ R, and [·, ·]h is the Lie bracket on h. We shall denote this Lie
algebra by h⋊DR. Moreover, we let ξ := (0, 1), and we denote by η the 1-form on h⋊DR
such that η(ξ) = 1 and h = ker(η).
Let d and dˆ denote the Chevalley-Eilenberg differential on h⋊DR and on h, respectively.
Then, for every k-form γ ∈ Λk(h∗) the following identity holds:
dγ = dˆγ + (−1)k+1D∗γ ∧ η,
where the natural action of an endomorphism A ∈ End(h) on Λk(h∗) is given by
A∗γ(X1, . . . ,Xk) = γ(AX1, . . . ,Xk) + · · ·+ γ(X1, . . . , AXk),
for all X1, . . . ,Xk ∈ h. If D = 0 ∈ Der(h) is the trivial derivation, then the rank-one
extension of h reduces to the product Lie algebra h⊕ R.
Assume now that h is six-dimensional and that it is endowed with an SU(3)-structure
(ω,ψ). Then, the rank-one extension h⋊DR is always endowed with a G2-structure defined
by the 3-form ϕ = ω ∧ η + ψ. Clearly, the condition dϕ = 0 constrains the possible types
of SU(3)-structures and the properties of the derivation D that one can consider. Indeed,
it holds if and only if
(4.4) dˆω = −D∗ψ, dˆψ = 0.
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In the next proposition, whose proof immediately follows from (4.4), we recall some relevant
cases related to the SU(3)-structures mentioned above.
Proposition 4.4. Let h be a six-dimensional Lie algebra endowed with an SU(3)-structure
(ω,ψ), and consider the rank-one extension h⋊DR endowed with the G2-structure ϕ =
ω ∧ η + ψ. Then, ϕ is closed in the following cases
• the SU(3)-structure is symplectic half-flat, i.e., dˆω = 0, dˆψ = 0, and either D = 0 or
D∗ψ = 0;
• the SU(3)-structure is coupled with dˆω = cψ, and D∗ψ = −cψ.
The classification of six-dimensional solvable Lie algebras admitting symplectic half-flat
SU(3)-structures was given in [18]. Examples of closed G2-structures on rank-one extensions
of these Lie algebras are discussed in [42].
In [21], we proved that a six-dimensional nilpotent Lie algebra admitting coupled SU(3)-
structures is isomorphic to one of the following
n1 = (0, 0, 0, e
13 , e14 + e23, e13 − e15 − e24), n2 = (0, 0, 0, 0, e
14 + e23, e13 − e24).
In both cases, there exists a coupled SU(3)-structure with adapted basis {e1, . . . , e6}, namely
(4.5) ω = e12 + e34 + e56, Ψ = (e1 + ie2) ∧ (e3 + ie4) ∧ (e5 + ie6),
and it is easy to check that dˆω = −ψ, i.e., c = −1. Moreover, for the coupled SU(3)-
structure on n2, the unique 2-form w2 fulfilling (4.3) is given by w2 =
4
3e
12 + 43e
34 − 83e
56
and its differential dˆw2 is proportional to ψ.
Remark 4.5. More generally, if (ω,ψ) is a coupled SU(3)-structure on a 6-manifold with
dw2 proportional to ψ, then one has dw2 =
|w2|2
4 ψ with |w2| constant (see e.g. [20]). Fur-
thermore, on the nilpotent Lie algebra n1 there are no coupled SU(3)-structures satisfying
this condition (cf. [20, Prop. 12]).
The nilpotent Lie algebra n2 endowed with the coupled SU(3)-structure (ω,ψ) given in
(4.5) admits rank-one extensions for which the G2-structure ϕ = ω ∧ η + ψ is closed. A
one-parameter family of examples was given by Lauret in [37, Ex. 4.10], and it consists of
the extension ga := n2 ⋊Da R with respect to the derivation
Da = diag
(
a, a,
1
2
− a,
1
2
− a,
1
2
,
1
2
)
∈ Der(n2), a ≥
1
4
.
Notice that Da fulfills the condition D
∗
aψ = ψ, whence dϕ = 0. The Lie algebra ga is
completely solvable, and the bound on the real parameter a arises requiring the simply
connected Lie groups Ga with Lie algebra ga to be pairwise non-isomorphic for different
values of a.
The Lie algebra n1 endowed with the coupled SU(3)-structure given in (4.5) admits
derivations satisfying the condition D∗ψ = ψ, too. It is not difficult to prove that the most
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general one has the following expression with respect to the basis {e1, . . . , e6} of n1
Da,b =

0 0 0 0 0 0
0 0 0 0 0 0
a 0 12 0 0 0
0 a 0 12 0 0
b 0 0 0 12 0
0 b 0 0 0 12
 , a, b ∈ R.
Consequently, any Lie algebra belonging to the two-parameter family ga,b := n1 ⋊Da,b R
admits a closed G2-structure defined by ϕ = ω ∧ η + ψ.
We now discuss a new example of a solvable non-nilpotent Lie algebra endowed with a
coupled SU(3)-structure, and we show that there exist rank-one extensions admitting closed
G2-structures.
Example 4.6. Consider the two parameter family of six-dimensional unimodular solvable
Lie algebras sa,b, a, b ∈ R, whose structure equations with respect to a basis
{
e1, . . . , e6
}
of
s∗a,b are the following 
de1 = −a e26,
de2 = a e16,
de3 = b e16 + b e25 + a e46,
de4 = b e15 − b e26 − a e36,
de5 = de6 = 0.
Notice that sa,b ∼= R
4
⋊R
2, where the subalgebra R2 is spanned by the vectors e5 and e6.
We endow sa,b with the SU(3)-structure (ω,ψ) given by (4.5).
If a = 0, then the Lie algebra s0,b is isomorphic to the nilpotent Lie algebra n2 and the
SU(3)-structure is the coupled one described before. If b = 0, then sa,0 is solvable non-
nilpotent, the SU(3)-structure satisfies dˆω = 0, dˆψ = 0 = dˆψ̂, and the associated inner
product g =
∑6
k=1(e
k)2 is flat.
From now on, we assume that a 6= 0 and b 6= 0. Under this assumption, the Lie algebra
is solvable non-nilpotent and the SU(3)-structure is coupled with
dˆω = b ψ.
Moreover, it has w2 = −
4
3be
12 + 83be
34 − 43be
56, which is easily seen to satisfy the condition
dˆw2 =
8
3b
2ψ.
There exists a one-parameter family of derivations Dk ∈ Der(sa,b) for which the 3-form
ϕ = ω ∧ η + ψ defines a closed G2-structure on the rank-one extension ga,b,k := sa,b ⋊Dk R.
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It has the following expression
Dk =

− b2 k 0 0 0 0
−k − b2 0 0 0 0
0 0 − b2 −k 0 0
0 0 k − b2 0 0
0 0 0 0 0 0
0 0 0 0 0 0
 , k ∈ R,
and it is easily seen to satisfy the equation D∗kψ = −b ψ, for any k ∈ R.
5. Some remarks on closed G2-structures induced by coupled
SU(3)-structures on Lie algebras
An interesting property of Lauret’s example [37, Ex. 4.10], reviewed in Section 4.4, is that
the left-invariant closed G2-structure induced by ϕ = ω∧η+ψ on the simply connected Lie
group Ga is always a Laplacian soliton, that is, its Hodge Laplacian ∆ϕϕ = −d∗ϕd∗ϕϕ = dτ
satisfies the equation
(5.1) ∆ϕϕ = λϕ+ LXϕ,
for λ = λ(a) := 8a2 − 4a − 4, and for a suitable vector field X on Ga. Moreover, this
Laplacian soliton is algebraic according to [36, Def. 3.9], namely there exists a derivation
B ∈ Der(ga) such that the vector field X is induced by the unique one-parameter group of
automorphisms Φt ∈ Aut(Ga) satisfying dΦt|1Ga
= exp(tB) ∈ Aut(ga). Finally, depending
on the value of a, the Laplacian soliton can be shrinking (λ(a) < 0), steady (λ(a) = 0), or
expanding (λ(a) > 0).
Remark 5.1.
(1) So far, the shrinking Laplacian solitons on Ga, for
1
4 ≤ a < 1, constitute the only known
examples of such solitons.
(2) The left-invariant steady Laplacian soliton, corresponding to the value a = 1, is also an
ERP G2-structure. More generally, Lauret and Nicolini proved that every left-invariant
ERP G2-structure on a simply connected Lie group is a steady Laplacian soliton [38].
On the other hand, there exists an example of a left-invariant steady Laplacian soliton
that is not ERP [25].
On a (compact) 7-manifold M, all closed G2-structures satisfying (5.1) have a distin-
guished behaviour when they evolve under the G2-Laplacian flow. This flow, which was
introduced by Bryant in [3], prescribes the evolution of a closed G2-structure ϕ ∈ Ω
3
+(M)
as follows
(5.2)

∂
∂t
ϕ(t) = ∆ϕ(t)ϕ(t),
dϕ(t) = 0,
ϕ(0) = ϕ.
The initial datum ϕ is a Laplacian soliton, i.e., it satisfies (5.1) for some real number λ and
some vector field X ∈ Γ(TM), if and only if the solution ϕ(t) of (5.2) starting from it at
12 ANNA FINO AND ALBERTO RAFFERO
t = 0 is self-similar, that is
ϕ(t) =
(
1 +
2
3
λt
)3
2
F ∗t ϕ,
where Ft ∈ Diff(M) is the one-parameter family of diffeomorphisms generated by the vector
field X(t) =
(
1 + 23λt
)−1
X and satisfying F0 = IdM . In particular, ϕ(t) exists on the
maximal time interval
(
−∞,− 32λ
)
when λ < 0, (−∞,+∞) when λ = 0, and
(
− 32λ ,+∞
)
when λ > 0. We refer the reader to [3, 41] for more details on the G2-Laplacian flow and
its solitons.
In [37], Lauret computed the solution of the G2-Laplacian flow on ga = n2⋊Da R starting
from the closed G2-structure ϕ = ω ∧ η + ψ. When a 6= 1, it is given by
ϕ(t) = At
q1(a) e127 +At
q2(a) e347 +At
q3(a)
(
e567 + e135 − e146 − e236 − e245
)
,
where e7 := η, At =
2
3 λ(a) t+ 1, and
q1(a) =
3a
2(2a + 1)
, q2(a) =
3(2a− 1)
8(a− 1)
, q3(a) =
9
8(2a + 1)(a − 1)
.
The maximal interval of existence of ϕ(t) is
(
−∞,− 32λ(a)
)
, when 14 ≤ a < 1, and
(
− 32λ(a) ,+∞
)
,
when a > 1.
An examination of the solution ϕ(t) allows us to notice the following remarkable property.
Proposition 5.2. Consider the seven-dimensional Lie algebra ga = n2 ⋊Da R, for a ≥
1
4
with a 6= 1, and let ϕ = ω ∧ η + ψ be the closed G2-structure on it induced by the coupled
SU(3)-structure (ω,ψ) on n2 given in (4.5). Then, the solution of the G2-Laplacian flow
starting from ϕ at t = 0 can be written as follows
ϕ(t) = ω(t) ∧ f(t) η + ψ(t),
where f(t) = (At)
1
2 and the pair
ω(t) = At
q1(a)−
1
2 e127 +At
q2(a)−
1
2 e347 +At
q3(a)−
1
2 e567,
ψ(t) = At
q3(a)
(
e135 − e146 − e236 − e245
)
= At
q3(a) ψ,
defines a family of coupled SU(3)-structures on n2 satisfying
dˆω(t) = c(t)ψ(t), c(t) = −(At)
− 1
2 ,
and having dˆw2(t) proportional to ψ(t). Finally, ϕ(t) induces the metric gϕ(t) = g(t) +
[f(t)]2η2, where g(t) denotes the metric associated with the coupled SU(3)-structure (ω(t), ψ(t)).
Let h denote a six-dimensional Lie algebra endowed with a coupled SU(3)-structure (ω,ψ)
satisfying dˆω = cψ, and assume that there exists a derivation D ∈ Der(h) such that D∗ψ =
−cψ. The observations given in Proposition 5.2 lead to the question whether the G2-
Laplacian flow on h⋊D R starting from ϕ = ω ∧ η + ψ can be reinterpreted as a flow on h
evolving the coupled SU(3)-structure (ω,ψ). The examination of the flow on the Lie algebras
ga,b and ga,b,k defined in Section 4.4 may give some insights on this problem. For the sake
of convenience, henceforth we let e7 := η and e7 := ξ, so that the closed G2-structure ϕ on
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these Lie algebras can be written as in (2.1) with respect to the basis
{
e1, . . . , e6, e7
}
we
are considering.
Let us begin with the Lie algebra ga,b,k. Notice that the coupled SU(3)-structure (ω,ψ)
on sa,b satisfies the additional property dˆw2 ∝ ψ, which is also satisfied by the coupled
SU(3)-structure considered on n2 and is never satisfied by any coupled SU(3)-structure on
n1 (cf. Remark 4.5).
We consider the following Ansatz for the solution
(5.3) ϕ(t) = C1e
127 + C2e
347 + C3e
567 + C4e
135 − C5e
146 − C6e
236 − C7e
245,
where Ci = Ci(t), i = 1, . . . , 7, are unknown positive functions depending only on t and
satisfying Ci(0) = 1. Then, ϕ(t) still defines a G2-structure, and it is closed if and only if
C7 = C6 = C5 = C4 = C2. Now, some straightforward computations show that the intrinsic
torsion form τ(t) of ϕ(t) has the following expression
τ(t) = −b
(
C1C2
2
C3
2
) 1
3
e12 + 3b
(
C2
5
C1
2C3
2
) 1
3
e34 − 2b
(
C2
2C3
C1
2
) 1
3
e56.
Consequently, recalling that ∆ϕ(t)ϕ(t) = dτ(t), we have
∆ϕ(t)ϕ(t) = −b
2
(
C1C2
2
C3
2
) 1
3
e127 + 3b2
(
C2
5
C1
2C3
2
)1
3 (
e347 + e135 − e146 − e236 − e245
)
,
whence we see that the Laplacian flow equation (5.2) is equivalent to the following system
of ODEs for the functions C1, C2, C3:
d
dt
C1 = −b
2
(
C1C2
2
C3
2
) 1
3
,
d
dt
C2 = 3b
2
(
C2
5
C1
2C3
2
) 1
3
,
d
dt
C3 = 0.
Combining these ODEs with the initial conditions C1(0) = 1 = C2(0) = C3(0), we immedi-
ately get C3(t) = 1 and C1 = C2
− 1
3 , with C2 solving the Cauchy problem{
d
dt
C2 = 3b
2C2
17
9 ,
C2(0) = 1.
Thus, we have C2(t) =
(
−83b
2t+ 1
)− 9
8 , and we see that the solution of the G2-Laplacian
flow starting from ϕ is defined in the interval
(
−∞, 3
8b2
)
. Moreover, it can be written as
ϕ(t) = ω(t) ∧ f(t) η + ψ(t),
where f(t) =
(
−83b
2t+ 1
) 1
2 , and (ω(t), ψ(t)) is a family of coupled SU(3)-structures on sa,b
satisfying dˆω(t) = c(t)ψ(t) with c(t) = b
(
−83b
2t+ 1
)− 1
2 and having dˆw2(t) proportional to
ψ(t).
Comparing this discussion with Proposition 5.2, we see that the solution we have just
found shares similar properties with the solution of the Laplacian flow obtained by Lauret
on ga, for
1
4 ≤ a < 1. However, we claim that the closed G2-structure we are considering
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is never an algebraic soliton. The proof goes as follows. From [36], we know that if ϕ gives
rise to a left-invariant algebraic soliton on the simply connected Lie group with Lie algebra
ga,b,k, then there exist a derivation B ∈ Der(ga,b,k) and a real number λ such that
∆ϕϕ = dτ = λϕ+B
∗ϕ.
Since a 6= 0 and b 6= 0, the space Der(ga,b,k) is eight-dimensional, and we can write a generic
derivation with respect to a basis {B1, . . . , B8} of Der(ga,b,k) as B =
∑8
i=1A
iBi, for some
real parameters Ai. We can then compute the 3-form B
∗ϕ, and see that the above equation
reduces to a system of polynomial equations in the unknowns Ai and λ. It turns out that
this system has no solutions under the assumption b 6= 0.
On the other hand, obtaining the explicit solution of the G2-Laplacian flow on ga,b satis-
fying ϕ(0) = ϕ seems challenging. For instance, the Ansatz (5.3) is not helpful in this case,
as the flow equation in (5.2) implies that some of the functions Ci(t) must be identically
vanishing, a contradiction. Notice that in this example the coupled SU(3)-structure does
not satisfy the condition dˆw2 ∝ ψ.
We now collect some observations and open problems motivated by the results presented
in this last section.
(1) Is it possible to determine the explicit expression of the solution of the G2-Laplacian
flow on ga,b starting from the closed G2-structure ϕ?
(2) Albeit the Lie algebras ga,
1
4 ≤ a < 1, and ga,b,k, a 6= 0, b 6= 0, are not isomorphic,
they admit coupled SU(3)-structures sharing similar properties. Are the corresponding
simply connected Lie groups endowed with the left-invariant coupled SU(3)-structures
equivalent in a suitable sense?
(3) Consider a six-dimensional Lie algebra h endowed with a coupled SU(3)-structure (ω,ψ)
with dˆω = cψ and admitting a derivation satisfying D∗ψ = −cψ. Is it possible to
reinterpret the G2-Laplacian flow on g = h ⋊D R evolving the closed G2-structure
ϕ = ω ∧ η+ψ as a flow evolving the coupled SU(3)-structure on h? Does the condition
dˆw2 ∝ ψ play some role in this problem?
(4) Is it possible to classify all six-dimensional solvable Lie algebras admitting a coupled
SU(3)-structure up to isomorphism, at least when the condition dˆw2 ∝ ψ holds?
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